Abstract. The soft set theory proposed by Molodtsov is a recent mathematical approach for modeling uncertainty and vagueness. The main aim of this study is to introduce the concept of soft action by combining soft set theory with the action which is an important concept in dynamical systems theory. Moreover, di¤erent types of soft action are presented and some important characterizations are given. Finally, we de…ne the concept of soft symmetric group and present the relation between the soft action and soft symmetric group, as a similar result to the classical Cayley's Theorem.
Introduction
There are many complex problems in the real world. It is not always possible to …nd complete and precise solutions to these problems with traditional methods. For this reason, scientists have developed some theories to solve such problems. One of these theories modeled uncertainty is the soft set theory introduced by Molodtsov in 1999 [2] . Although this theory has not had a long history, it has created a wide range of applications in many disciplines. Especially, this theory has been studied by mathematicians in di¤erent ways such as algebraic, topological and categorical [1, 3, 6, 8, 10, 12] .
On the other hand, there are some concepts that are interdisciplinary. The action is one of the such concepts and it has a great important in mathematics and physics [5, 13] . It is an integral part of the theory of group and dynamical systems which represent a mathematical equation class that de…nes time-based systems with speci…c properties [4, 11] . Furthermore, the theory of dynamical systems, a mathematical theory such as soft set theory, is directly related to the developments in the understanding of complex and nonlinear systems of physics and mathematics [7, 9] .
In this study, soft action is de…ned and studied as a new concept. Examples of this concept are given and some important properties are presented. Some concepts related to the action such as stabilizers, centralizers and normalizers are de…ned in the soft approach. Finally, the concept of soft symmetric group is introduced and the some relations between the soft symmetric group and the soft action are investigated.
Brie ‡y, it can be said that this study is the construction of a new bridge between the soft set theory and the group theory, and presents a new and di¤erent algebraic viewpoint for soft set theory .
Preliminaries
In this section, we review some main concepts and properties of soft sets and soft groups for the sake of completeness. For more details, we refer to [1 3; 6; 8; 12] .
Molodtsov described the soft set in the following way [2] . Let X be an initial universe set and let E be a set of parameters. Let P (X) denotes the power set of X and A E.
is called a soft set over X, where F is a mapping de…ned by F : A ! P (X) In the light of this de…nition, it is said that a soft set over X can be considered as a parametrized family of subsets of the universe X. We will sometimes use the notation (X; F; A) instead of soft set (F; A) over X.
De…nition 2.2. [8]
Let (F; A) and (G; B) be two soft sets over the common universe X. Then, (F; A) is called a soft subset of (G; B) if i) A B, and ii) 8a 2 A, f (a) and G(a) are identical approximations.
We denote it as (F; A) e (G; B).
De…nition 2.3. [8]
A soft set (F; A) over X is called a null soft set denoted by , if F (a) = ; for all a 2 A.
De…nition 2.4. [8]
A soft set (F; A) over X is called an absolute soft set denoted byÃ, if F (a) = X for all a 2 A.
De…nition 2.5.
[8] Let (F; A) and (G; B) be two soft sets over the common universe X. Their intersection is a soft set (H; C) such that C = A \ B and H(a) = F (a) \ G(a), 8a 2 C. We write it as (F; A) e \(G; B) = (H; C).
De…nition 2.6.
[8] Let (F; A) and (G; B) are both soft sets over the common universe X. Their union is a soft set (H; C), where C = A [ B, and 8a 2 C,
We write it as (F; A) e [(G; B) = (H; C).
Let us recall the concept of soft group. For properties of soft group, we refer the reader to [29] . Throughout this section, G is a group and A is a nonempty set.
De…nition 2.7.
[3] For the soft set (F; A) over G, it is said that (F; A) is a soft group over G if and only if F (a) < G for all a 2 A.
From the de…nition, it is easy to see that the soft group (F; A) is a parameterized family of subgroups of the group G.
In what follows, the triplet (G; F; A) stands for the soft group (F; A) over G. 
De…nition 2.12.
[3] Let (F; A) and (H; B) are both soft groups over G. Then, (H; B) is said to be a soft subgroup of (F; A), denoted by
De…nition 2.13.
[3] Let (F; A) be a soft group over G and let (H; B) be a soft subgroup of (F; A). Then, we say that (H; B) is a normal soft subgroup of (F; A),
De…nition 2.14.
[3] Let (F; A) and (H; B) be two soft groups over G and K, respectively, and let f :
Thus, (F; A) is called soft homomorphic to (H; B) and this situation denoted by (F; A) (H; B).
Actions of Soft Groups
In this section, we will describe the concept of soft action and exemplify it. In addition, we will establish some characterizations about it. De…nition 3.1. Let G = (G; F; A) be a soft group and let X = (X; F 0 ; A) be a soft set. Then, a left soft (group) action of G on X is a binary operation
satisfying the following two axioms for all a 2 A:
ii) a (g; a (h; x)) = a (gh; x) for all x 2 F 0 (a) and g; h 2 F (a).
Namely, each a is a left (group) action mapping for all a 2 A. Then, the soft set X is called a G soft set. The soft set X = (X; F; A) with X = f1; 2; 3g is de…ned by
F (123) = F (132) = f1; 2; 3g; For all a 2 A, the mapping
is a left (group) action. Note that e 2 G is the identity element, and a (e; x) = x as desired. For axiom (2) , note that if g; h 2 F (a), then a (g; a (h; x)) = a (gh; x) as desired.
Remark 3.3. In the above de…nition, if the direction of the left (group) action mapping a is reversed for all a 2 A, then a right soft (group) action of G on X is obtained.
As it can be seen clearly, right soft (group) actions are not very di¤erent from the left soft (group) actions. Only di¤erence between them is direction of the action. For this reason, the dual of the examples of left soft (group) action can be given as examples of right soft (group) actions. Here, we exemplify the concept of right soft (group) action as follows:
Example 3.4. Let G be a soft group and H G soft subgroup. Suppose that
is a right soft coset of H. Then, for all g 1 2 G, the each mapping
Thus, the soft group G acts on the set of right soft cosets of H on the right. Similarly, we can show that the soft group G acts on the set of left soft cosets of H on the left.
From now on, we will use the left soft (group) actions unless otherwise stated.
Proposition 3.5. Let X be a G soft set. For x; y 2 F 0 (a), let x y if and only if there exists g 2 F (a) such that y = a (g; x) . Then, the relation is an equivalence relation on X.
Proof. Straightforward.
It is also easy to see that Remark 3.6. Denote Orb G (x) the orbit of containing x. Clearly
is a G-soft set. Morever, the pair (Orb G ; X) is a soft set over X with the mapping
In the light of this information, the following proposition is given.
Proof. x = a (e; x) 2 Orb G (x).
In addition, two proposition that exist in the group theory are expressed by the soft approach as follows: Proposition 3.8. Let X be a G soft set. Then, the (distinct) orbits of G partition X.
Proof. We need to prove the following two conditions. i) Every element of X is in some orbit.
and so
where the last condition holds since we can take g 1 = e. On the other hand, from the symmetry property, we also get
. Thus, These two conditions prove that X is covered by disjoint orbits. Proposition 3.9. Suppose that G = (G; F; A) acts on a soft set X = (X; F 0 ; A). If x 2 F 0 (a), g 2 F (a), and y = a (g; x), then x = a (g 1 ; y). Furthermore, if
Proof. Because of y = a (g; x), we obtain
We suppose that if x 6 = x 0 then a (g; x) = a (g; x 0 ). Applying g 1 to both sides, we have
a (e; x) = a (e; x 0 )
This contradicts by the fact that x 6 = x 0 . Thus, the proof is completed.
Here, we will present several trivial examples of the soft action.
Example 3.10. Every soft group G acts on itself as follows. Take X = G. Then for all a 2 A, the mapping
is group action. Thus, this action is called trivial soft action of G on itself.
Example 3.11. Every soft group G acts on itself by multiplication as follows. Let us take the soft group G as soft set X. Then for all a 2 A, the mapping
Example 3.12. Every soft group G acts on itself by conjugation as follows. Take X = G. Then for all a 2 A, the mapping
is a group action. It is clear that axioms of the soft action are veri…ed.
Remark 3.13. Note that if soft group G is abelian, then the soft action of G on itself by conjugation is trivial.
In addition to these examples, two speci…c examples can be given as follows:
Example 3.14. Let Y = (Y; F 00 ; A) be any soft set, and let G = (G; F; A) be a soft group acting on a soft set X = (X; F 0 ; A) as shown below.
) It is easy to see that 0 a provides the conditions in De…nition 3.1 for all a 2 A. Example 3.15. Let G = (G; F; A) be a soft group with A = G = S n symmetric groups and X = (X; F 0 ; A) be a soft set with X = f (P 1 ; P 2 ; : : : ; P n ), being the polynomials of the set fP 1 ; P 2 ; : : : ; P n g. The soft action of G on f (P 1 ; P 2 ; : : : ; P n ) can be de…ned as
( ; f (P 1 ; P 2 ; : : : ; P n )) 7 ! a ( ; f (P 1 ; P 2 ; : : : ; P n )) = f (P (1) ; P (2) ; : : : ; P (n) ) such that the following two conditions of action hold: i) For = e, a (e; f (P 1 ; P 2 ; : : : ; P n )) = f (P e(1) ; P e(2) ; : : : ; P e(n) ) = f (P 1 ; P 2 ; : : : ; P n ) ii) For all ; 0 2 S n a ( ; a ( 0 ; f (P 1 ; P 2 ; : : : ; P n ))) = a ( ; f (P (1) ; P (2) ; : : : ; P (n) )) = f (P ( 0 (1)) ; P ( 0 (2)) ; : : : ; P ( 0 (n))) = a ( 0 ; f (P 1 ; P 2 ; : : : ; P n )))
It is generally agreed that some concepts that exist in one theory can be rede…ned by appropriately transferring to another theory. Here, our purpose is to examine some action types that exist in group theory by the soft approach. De…nition 3.16. A soft action of the soft group (G; F; A) on the soft set (X; F 0 ; A) is called transitive if for each pair x; y in F 0 (a) there exists an element g in F (a) such that a (g; x) = x. De…nition 3.17. A soft action of the soft group (G; F; A) on the soft set (X; F 0 ; A) is called e¤ ective (or faithful) if for every two distinct elements g; h in F (a) there is an element x in F 0 (a) such that a (g; x) 6 = a (h; x). This is equivalent to saying that di¤ erent elements of F (a) act on F 0 (a) in different ways. De…nition 3.18. A soft action of the soft group (G; F; A) on the soft set (X; F 0 ; A) is called free if given g; h in F (a), the existence of an element x in F 0 (a) with
In other words, if g is a soft group element and there exists an element x in F 0 (a) with a (g; x) = x, then g is the identity.
Proposition 3.19. Every free soft action is faithful.
Proof. From the De…nition 3.17 and 3.18, the proof is clear.
De…nition 3.20.
A soft action of the soft group (G; F; A) on the soft set (X; F 0 ; A) is called regular if it is both transitive and free. Equivalently, for every elements x; y in F 0 (a) there exists only one element g in F (a) such that a (g; x) = y.
Example 3.21. The soft action of any soft group G on itself by multiplication is both regular and faithful.
Stabilizers, Centralizers and Normalizers for Soft Actions
In this last section, we have discussed concepts such as stabilizer, centralizer and normalizer related to the soft action, and examined the relationship between them. By introducing the concept of soft symmetric group which is in the focus of this study, we complete this study with an important result which gives the relation between the soft action and soft symmetric group. De…nition 4.1. Let X = (X; F 0 ; A) be a G soft set. Then, for all a 2 A and x 2 F 0 (a), the stabilizer of x is the set
More generally, for any soft subset Y e X we can consider elements of the subgroup F (a) which …x Y
The sets Stab G (x) and F ix G Y de…ned as above are soft groups over G.
Proof. We de…ne the map
For all x 2 X, Stab G (x) is a subgroup of G. Thus, the triplet (G; Stab G ; X) is a soft group. Similarly, we can de…ne the map
For all x 2 Y , F ix G (x) is a subgroup of G. This proves that the pair (F ix G ; Y ) is a soft group over G. 
0 (a) \ Y and so a (g; x) = x. Therefore, g 2 F ix G Y is obtained, which completes the proof. Furthermore, the intersection of all the centralizers of elements of F (a) is denoted as follows
and is called the center of the soft group G.
Proposition 4.6. The centralizer C G (h) of h de…ned above is a soft group over G.
Proof. For all h 2 F (a), we can de…ne
It is clear that C G (h) is a subgroup of G. Thus, C G (h) is a soft group over G.
De…nition 4.7. Let G = (G; F; A) act on itself by conjugation soft action and let H be a soft subset of G. The isotropy soft subgroup, which is the soft subset of H for all a 2 A, is denoted
and is called the normalizer of H in the soft group G. Note that if H is a soft subgroup of the soft group G, then H is a soft subgroup of N G (H). Moreover, if H is a normal soft subgroup of the soft group G, N G (H) is the largest soft subgroup of G.
Let us now describe the concept of the soft symmetric group. De…nition 4.8. Let X be a set and A be a set of parameters. The group of permutations of X is denoted by Sym(X). Then the triplet (Sym(X); F; A) is called soft symmetric group if F (a) is a subgroup of Sym(X) for all a 2 A.
In general, it can be said that there is a relation between the soft symmetric group and soft action. This relation can be constructed as follows, similar to the relation between the symmetric group and group action existing in the classical Cayley Theorem.
Theorem 4.9. Let G = (G; F; A) be soft group acting on a soft set X = (X; F 0 ; A). Then, there is a soft homomorphism from G to Sym(X) .
Proof. Suppose that G = (G; F; A) is a soft action on a soft set X = (X; F 0 ; A). Hence, for all a 2 A a : F (a) F 0 (a) ! F 0 (a) (g; x) 7 ! a (g; x) = (x) is an action. Also, for each g 2 F (a)
x 7 ! g (x) = a (g; x) is a permutation of F 0 (a). Morever, for all a 2 A F (a) ! Sym(F 0 (a))
is a homomorphism. Thus, we obtain a soft group homomorphism from G to Sym(X).
Theorem 4.10. Each …nite soft group can be embedded in a soft symmetric group.
Proof. Suppose that a …nite soft group G = (G; F; A) acts on itself by multiplication, namely for all a 2 A, we have a : F (a) F (a) ! F (a) (g; h) 7 ! a (g; h) = gh Also, for each g 2 F (a)
g : F (a) ! F (a) h 7 !`g(h) = a (g; h) = gh is a permutation of F (a). Morever, the mapping F (a) ! Sym(F (a)) de…ned by g 7 !`g is a homomorphism for all a 2 A. Since this homomorphism is one-to-one, the sending g 7 !`g is an embedding of F (a) as a subgroup of Sym (F (a) ). Thus, the …nite soft group G can be embedded in Sym(G).
After these theorems, one can easily obtain the following corollary.
Corollary 4.11. Soft action of G = (G; F; A) on the soft set X = (X; F 0 ; A) are the same as soft homomorphism from G to Sym(X).
